SUMMARY NOTES ON INTEGRATION TECHNIQUES

(A) Basic Properties of Indefinite Integral:

Let f and g be two functions. Then

(i) j k f(x)dx =k j f(x)dx , where k is a real constant.
(ii)J'[f(x) ig(x)]dx:jf(x)dx + jg(x)dx.

(B) Basic properties of definite integral:

(i) j:f(x)dx=o,
(ii) j:f(x)dx:—j:f(x)dx,
(i) | :kf(x)dx:k [ :f(x)dx, where k is a real constant.

(iv) j:f(x)dx:J.:f(x)dx+'|':f(x)dx, where a<b<c.

(C) Revise your GC keystroke

By using a graphing calculator, find the value of _[15 Inx+ x dx, giving your answer correct
to 1 decimal place.

MORMAL FLOAT AUTOD REAL RADIAN HMF n
ﬁcln(xnmdx
.............................. 16.04718956,
i

Hence, answer is 16.0 to 1 decimal place.



(D) Integration by Standard Forms

(1) Let n beaconstant (n=-1).

n+1

o X
(.)jx dx=——+C
(ii)j(ax+b)”dx:M+

a(n+1)

(iii) jf'(x)[f(x)]"dx:mx—)]mw

n+1
(2
(i)j%dx:ln|x|+c
(ii) J'Tlx)f'(x)dx:ln‘f(x)hc

3)

(i) jeXdXZeX+c
(i) [f'0)e'@dx=e™+C

Integration involving Trigonometry:

(1) To integrate [sin ®xdx, | cos?x dx or [ tan *x dx, you must use the identities:

cos2x =1-2sin’ x
cos2x =2cos’ x —1

1+tan® x =sec? x

(2) To integrate | cos 4x cos 2x dx, you must use factor formula (found in MF15) and
integrate piece by piece.

J.cos4xcos 2x dx =1J'cos 6X+cos2x dx =isin 6x+£sin 2X+C.
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X" +a a a (X+b) +a a a

| X—a C'J 12 : :il (x+b)-a LC
X+a (x+b) —a 2a  |(x+Db)+a
dx:iln —a+X+C; J'—Z ! 2dx:iln —a+(x+b)+c
2a |a—-X a“—(x+hb) 2a |a—(x+b)

(IV)J‘\/idx sin” ( j+C

Remarks:

(@) Sometimes you will need to complete the squares before applying the formulae
above.

(b) If you see an improper fraction, you might need to do long division before applying
formula under standard forms.

dx =x—tan™* x+c.

2
For example, sz—l dx:jl— T
X2 + X2 +

(E) Integration by partial fractions

X
j dx
(X+D(x+2)(x+3)
1., 1 1 3,, 1
DT PR

:—%In|x+l|+2|n|x+2|—gln|x+3|+c




(F) Integration by Substitution

Example: Using the substitution x = asin 6, where a is a positive constant, show that

J':\/a2 —x? dx = g—:(4n—3\/§)
2

[Solution]

x=asin9:>%=acose
do

j;\/az —x* dx=[?/a’ ~(asin@)’ (acos0)do
2 6

=a’[2 (cos®0)do

T (cos20+1)

=a?|2 0
5 2
2
_al sm26+6}2
2 2




(G) Integration by Parts

Formula: juv'dx = uv—ju'vdx

j; uv'dx = [uv]k:l —j:u 'v dx

Example: Find Ixsin X dx.

[Solution]:

u=x dv .
—=sinx

d_u=1 X

dx V = —CO0S X

Ixsinx dx=—xcosx+Icosx dX = —XC0S X +Sin X +C.




Miscellaneous Examples:

Example 1

[Key Technique: Writing 6+2x = A(-2x—4)+ B where di(1—4x— X?)=-2x-4 ]
X

6+ 2X

J1-4x—x?

[Solution]:

Find j

J~ 6+ 2X dx —_[ 4 2X

V1- 4x x? \/1 4x — x?
_J- dx __[ 4 2x
J1—4x—Xx? J1—4x—x?
—4—2X

—[—%  dx-
'[«/5—(x+2)2 " lel 4% —x*

2 L
= — dx—|(-4- —4x—=x%) 2d
J'm xj(4 2X)(1—4x—x?) 2dx

_ _ 2—%4—1
(1-4x-x%)

2
= [——— dx—
I«/5—(><+2)2 L,
2

= Zsinl(iz}—z 1-4x—x> +¢

N3




Example 2:

[Integration involving absolute value which requires us to break up the domain into
relevant intervals]

Find J.:‘xz +2x—3]dx.
[Solution]

Solving x* +2x—-3<0= (x-1)(x+3)<0=-3<x<1.

For 0 < x <1, we have x? + 2x —3 <0 and hence ‘xz +2x—3‘:—(x2 +2x—3):—x2—2x+3.

For 1< x < 2, we have x* +2x—3> 0 and hence ‘x2+2x—3‘: x? +2x—3.

_mx2 +2x—3‘dx:J'ol—x2 -2X+3 dX+LZX2 +2x-3dx

1 2
:{—£x3—x2+3x} +Fx3+x2—3x}
3 0 3 1

=4



Example 3 [Integration by parts 2 times]

Find Iezx cos4x dx .

[Solution]:
_[ez" cos4x dx = %ezx c0oS 4X —%jezx (—4sin4x) dx

=%e2X cos4x + Zjezxsin 4x dx

=lezx COS4X + 2 1ez"sin4x - l_|'e2>‘(4cos4x) dx
2 2 2
1 ]

=Ee2X cos4x + e**sindx — 4_|‘e2X cos4x dx
1 )

5‘[e2X cos4x dx ==e* (cos4x+2sin4x) +c’

2

1 ]
_[ezx cos 4x dx = Eezx (cos4x+2sin4x) +c



